8.1 (a)

8.3

8.7 (a)

Let ¢ € IR. Then, for = # ¢,

f@)-fe) _a*=¢ _@-d+o _

Hence,

lim M = lim (x + ¢) = 2c¢.

z—c  x—c T—c
So the function f is differentiable at c¢. As ¢ was arbitrarily chosen, f is differentiable everywhere and
() = 2z.

As f(3) = 9 and f'(3) = 6, the tangent has slope 6 and contains the point (3,9). An equation of the
tangent is y — 9 =6(z — 3) < y =6z — 9.

Let ¢ € IR. Then, for = # ¢,
k() —k(c) a—a

= =0.
Tr—c Tr—c
Hence,
lim M =0.
T—cC r —cC

So the function k is differentiable at c¢. As ¢ was arbitrarily chosen, k is differentiable everywhere and
E'(x)=0.

As k(3) = a and k’(3) = 0, the tangent has slope 0 and contains the point (3,a). An equation of the
tangent is y = a.

Let ¢ # 0. Then, for v # ¢ and u # 0,
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hw —he) 3747374 1 2e-2u 2
y—c u—-c Cwu—c  3uc  3uc
Hence,
lim M = lim 2 — ,l_
u—c u—c u—c  3uc 3c?

So the function h is differentiable at c¢. As ¢ # 0 was arbitrarily chosen, h is differentiable everywhere

2
its d i dh(u)=——.
(on its domain) and A'(u) WE
As h(3) = 2+ A and #'(3) = —2, the tangent has slope —Z and contains the point (3,2 + A4). An
equation of the tangent is y — % —A=-Z(z-3)<=y=—Zz+ % + A.

Let ¢ > 0. Note that for x > 0 and z # c,

f@) =S _Vi-e_ VEi-\e\Etve_ a—c 1
rmc a—c e VirvE @-oWatyva  VEtVe

So
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Hence, the function f is differentiable at ¢ and f'(¢) = ——=

For x > 0,

1 1
fl(x)=2zlnz+2*> —4nec+z-—=z+1+ 2z +1)Inz
T T



(b) For z > 0,
1

(@) =20z + 2% ——= =227 + ta /7 = 232/7.
2\/x
c) For any z
(c) y @,
f'(x) = —cosze® + (1 —sinz)e” = (1 — sinz — cos x)e”.
(d) For any =z,

2 2

f'(z) = cosz - cosz +sinz - (—sinz) = cos” x — sin” z.
8.8 For n € IN we introduce the statement P(n): the function f” is differentiable and
(f")/(:c) = n(f(x))nilf’(:c) for every x € I.
(1) The statement P(1) is true.
(2) Let k € IN and assume that the statement P (k) is true.
Then, according to the Product Rule, for z € T

/

()
F'@) = (k+1)(f(2))

(Y @) = (- 1) (@) = f/(2) - f5 @) + (@) - (FY)
= f'(a) - o) + fla) - k(f()"

This proves that P(k + 1) is true.

f'(=).

According to the Principle of Induction, the statement P(n) is true for all n € IN.

8.10 (a) For z > 0,
1 1 1

f/(x)(lJF\/z) ﬁ72\/§.ﬁ:ﬁ+171: 1 |
(1+va)’ (1+v2)’  va(i+va)
(b) For any z,
f,(x):(x2+1)-2x—(x2—1)-2x:2x3+2x—2x3+2x: dx
(a2 +1)° (a2 +1)° (2 +1)°
(¢) For any «z,
;. (2+cosz)-—cosz — (1 —sinz) - —sinz  —2cosz —cos’x +sinz —sin’ z
(@) = (2 + cosx)? B (24 cosx)?
_ —2cosx +sinx —1
(24 cosx)?
(d) For z >0,
e — —Inz-e” ——nz | _ s
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Fla) = (ez)Q et T gpe®
8.13 (a)
f'@)=g'(z+9(1) 1=g'(x+g(1))
(b)



(c)

(d)

8.28

8.29

8.30

fl@)=g'(z+g(@) (144 (x)).

As f(z) = g((z +1)?),
fl@) =g'((z +1)%) - 2(z +1).

According to the Chain Rule for every x

(fog)(@)=(g0f)(2) = f(9(x) - g'(x) = ¢'(f(2)) - f'(x) = ['(a?) - 22 = 2f () - f'(2).

In particular, for z =1,

fFO=fO)-f Q)= fFOL-fO]=0=f1)=1 or f(1)=0.

The function x — x is differentiable on the interval (1,00). According to the Arithmetic Rules for
differentiable functions, also the function = — 4z is differentiable on the interval (1, 00).

The functions z + 2% and z + 2 are differentiable on the interval (—oo, 1). According to the Arithmetic
Rules for differentiable functions, also the function z +— 222 + 2 is differentiable on the interval (—oo, 1).
Note that for = > 1

fla) = f(1) _4w—4

z—1 z—1
So
zl1 r—1 zl1

Furthermore, for z < 1

fl)—f@) _ 202 +2—-4  2(z2-1)

= =2 1).
r—1 rz—1 z—1 (z+1)
So
—fQ
J@ =IO 01 1) =4
Tl r—1 1
— f(1
Hence, lim1 L{() = 4. That is: f is differentiable at 1 and f'(1) = 4.
T— €r —

Therefore,

4 ifz>1

ra={5

4 ifz < 1.

In this case for z < 1
—f1 202 -4 2(2?-1)-2 2
f@) = f) _227-4 2@ D=2 5 L4y _2
rz—1 rz—1 rz—1 r—1
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In order to show that the limit 1ig11 [2(37 +1) - —1} doesn’t exist, we consider the sequence (Jcn)zo_l
x xTr — -

1
defined by z,, = 1 — —. Obviously, the sequence of images
n
2 [e%e]
(2 ~ 24 2n>
n n=1
is unbounded, which implies the divergence of the sequence.

Hence, the function f is not differentiable at 1.



Alternative

As

lim g(x) =4 # 2 = lim g(x),

the function ¢ is not continuous at 1. Hence, the function g is not differentiable at 1.

10.5 (a) For —1 < x < 2,
2
+5 -3 3 -
f(:c):m:s—2 =z *(z+5) =2 +5z
x
Hence, the function F' on [1,2], defined by
4 1

F(x) = %xg +1523 = %x{‘/f—i— 15/,

is an antiderivative of the function f.

(b) For -1 <z <2,

[

f(x) =2yx + cosx = 222 + cosz.

Hence, the function F on [1,2], defined by
3

F(z) = %:c2 +sinz = %:E\/EJrsinx,

is an antiderivative of the function f.

(c) For =1 <z <2,

@) = g = 1+ 0
Hence, the function F on [1,2], defined by
1
F(z)=—(1 1
@)=+ =
is an antiderivative of the function f.
(d) For -1 <z <2,
1
2

flz)=V2zx+1=Q2zx+1)".

Hence, the function F on [1,2], defined by

[\el[9V)

F(z)=312z+1)? =1 22z + 1)v2z +1,
is an antiderivative of the function f.

(e) The function F on [1,2], defined by

is an antiderivative of the function f.
(f) For -1 <ax <2,
flz) = (= + 1)2 =2t +227 + 1.
Hence, the function F on [1,2], defined by
F(z) =% + 223 + 2,

is an antiderivative of the function f.



