8.1 (b) Let ¢ € IR. Note that for z # ¢,

_ 3_.3 _ 2 2
9@) —gle) _a* = (@—c@ +ertc) =22 tex+c?,
T —c Tr—c Tr—=c

which implies that
lim M = lim [:102 +cx + 02} = 3¢,

zSe T —c T
So the function g is differentiable at c. As ¢ was arbitrarily chosen, g is differentiable everywhere and
g'(x) = 322

As g(3) = 27 and ¢'(3) = 27, the tangent has slope 27 and contains the point (3,27). An equation of the
tangent is y — 27 = 27(x — 3) <= y = 27x — 5H4.

8.2 Note that for z £ 0

g(x) —g(O) _ £L'|£L'| -0 — |$|,

which implies that
—g(0
lim 9(x) = 9(0) = lim |z| = 0.
z—0 z—0

Hence, the function g is differentiable at 0 and ¢'(0) = 0.

8.4 For x # 0,
T >0
f@—fo) |z ! _{1 if >0
x
Apparently,
L@ =IO
z]0 X
and lim M =0,
10 x
which implies that the limit hn% doesn’t exist, that is: the function f is not differentiable at
xr—r x

0.

8.5 (a) Let ¢ > 1. For x # ¢ (and = > 1),

flx)—fle) 22-2—-(c2-2) a?-¢2

= = =X + C,
T—c T—c T—c
so that
lim f@) = 1) = lim(z + ¢) = 2¢.
T—c Tr—cC r—c
Similarly, for ¢ < 1,
xr—c Tr — C

This proves that the function f is differentiable at ¢ for any ¢ # 1. For z # 1, f/(z) = 2.
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8.11 (a)

Obviously,
lim f/(x) = lim 22 = 2.
r—1 r—1

The statement is false: see part (d).

Obviously, the function is not continuous at 1:

lim f(z) = lim(2? — 2) = —1,

zll zl1
whereas lim f(z) = limz = 1.
zT1 Tl

So, according to Theorem 1, the function is not differentiable at 1.

Let ¢ € I. Then for x # ¢,
(5f)(@) = (5f)(c) _ 5f(x) =5f(c) _ . fla)— fle)

Tr—cC r—cC r—cC

Hence,
oy 8@ = (6 _ o f@) =S f@) = ()

T—cC Tr —C T—cC Tr —C Tr—rC xr —C

So the function 5f is differentiable at ¢ and (5f)l(c) =5f(c).
As ¢ was arbitrarily chosen, 5f is differentiable and (5f)/(a:) =5f"(x).

=5f"(c).

Let n € IN. Note that for = > 0,
9(x) = w7,
= 7@
where f(x) = 2". By Example 10, the function f is differentiable and f’(z) = nz"~!. Furthermore,

f(z) #0 for all z > 0.
Then Theorem 4 implies that the function ¢ is differentiable and that for ¢ > 0

o) — 1 Ic :_f'(c) :_nc"_l :_nc"_1 __.n
g( )_ (f) ( ) f(0)2 [Cn]Q C2n C"+1'

If g(z) = z + 222 and f(t) = 3sint, then

h(zx) = 3sin(z + 21:2) = 3sing(x) = f(g(:z:)) = (fog)(z).
Soh=fog.
If g(z) =sinz and f(t) = 2 + t2, then
h(z) =2 +sin’z =2+ g(2)* = f(9(x)) = (f 0 9)().
Soh=fog.
If g(x) = 1 — 2% and f(t) = €', then
hz) = e~ =9 = f(g(2)) = (f o g)(x).
Soh=fog.
If g(z) = sinz and f(t) = v/, then
h(z) = Vsinz = /g(x) = f(g(x)) = (f 0 g)(x).
Soh=fog.



8.12 (a) For any =z,
B (x) = 3cos(z 4 22?) - (1 4 4x) = 3(1 + 4x) cos(x + 22?).

(b) For any =z,

B (z) = 2sinz - cosz = 2sinz cos .

(c) For any «,

W(z)=e ™ . (—2z) = —2zel "

(d) For any z satisfying sinz > 0,

B (z) = ! cosz = — 2L
2v/sinzx 2v/sinz
8.27 We know that
lim @) = fle) = f'(e) > 0.
T—c xr—cC
According to Exercise 5.27, a § > 0 exist such that
HOETICIN
T —c

for all z # ¢ in the interval (c — §, ¢ + §).
Then for any = € (¢,c+9), v — ¢ > 0, so that f(z) — f(c) > 0<= f(x) > f(c).

8.31 (a) According to the Product Rule and the Chain Rule, for = # 0

1 2
fl(x) = = 22 e 4 In(z?) e 2p=e" |2 421 In(z?)].
x x

(b) According to the Quotient Rule and the Chain Rule, for = ¢ [—1,1],

) = 1 (2 +1)- 22— (2*—1)-22  a2?+1 dr 4z 4z
ot -1 (22 +1)2 S22 —1 (22+1)2 (22 -1)(22+1) at-1

2 +1

(¢) According to the Quotient Rule and the Chain Rule,

[e”” + e_ﬂ . [e”” —e - —1] — [e”” — e_””] . [e”” +e 7. —1} [e”” + e_””f — [ew — e_m]2

!/
xTr) = =
f ( ) [ew + e—1}2 [em + 6_1]2
B eQx + 2 e%e T 4+ 6721 _ eQx + 2 e%e T — 6721 B 4
[ex 4 efac] 2 [ez + efz} 2"

(d) According to the Quotient Rule and the Chain Rule,

Fla) = 2(8111:17

cos z2

2 2

. —sinz? - 2z

cosx? - cosz? - 2z —sinx
) . cos? x2

2sinz? 2z[cos’z? +sin®2?] 4z sina?
T cosa? cos? 2 ~ (cosx2)3’




