2
9.16 As noticed in Exercise 14, f”(z) = —, for z # 0.
x
Since f”(x) > 0 for all > 0, the function is convex on the interval (0, co).

Since f”(x) < 0 for all z < 0, the function is concave on the interval (—oo, 0).

9.18 (a) For z > 0, f'(z) = 2\1/5 and f(z) = fﬁ. So f(1) =1,f(1) = 4 and f’(1) = —1.

Hence, the Taylor polynomial py of degree 2 for f at 1 is given by

po(z) =14 3(z—1) — i —1)%

6 24 4
(b) FOI' xr 7é —%, f/(J?) = —m and f”(.]?) = m SO f(l) = 17f/(1) = —g and f//(l) = 3—7
Hence, the Taylor polynomial py of degree 2 for f at 1 is given by

pa@) =1— 3@~ 1) +$@— 1%
0.20 (b) As f"(x) = —3a~1%,

Hence, f®) (1) = % and the Taylor polynomial p3 of degree 3 for f at 1 is given by

p3(@)=1+3(x—1)— 2(z —1)? + &(z — 1)%.

9.21 (a) According to the Arithmetic Rules for limits of functions,

€ z—0

lim = lim = — =0.
220222+  2—02x+ 2 hrrt(l)[Zaj + 2]
xr—r

2 lim z 9
2

(b) Note that for x # 2,
222 -2 —6 2(I+1%)(IC*2)_21’+1%

322 —Tx+2 3(30—%)(3;—2) — 3 :cf%.

So, according to the Arithmetic Rules for limits of functions,

22—z —6 . 2:E+1% .
hmg :3

Im ———— =
xlin23m2—7aj—|—2 z—2 x—%

9.22 We introduce the differentiable function f on (—1,1), defined by f(z) = Va+1 -1+ %:L’ and the
differentiable function g, defined by g(x) = 2. Then ¢’ =1 # 0 and f(0) = g(0) = 0. So the weak form
of de I’'Hopitals Rule implies that

Vit+l-—1+32 _ f(0) 1

20 x g0) 2/0+1 2
9.24 The numerator and denominator of the fraction —————— are not equal to zero at * = 0. So we may

2x 4+ cosx
not apply de I’'Hopital’s rule.



9.32

8.34

9.36

9.37

Assume that x > a.
The function f restricted to the interval [a,z] is continuous and differentiable on the interval (a,x).

According to the Mean Value Theorem, there exists a 7 € (a, z) such that

W =f'(r) = f(z) = fla) = f'()(x —a) 2 0= f(z) > f(a).
Note that
z® = 72% + 162 — 12 = (z — 2)*(z — 3)
and 2? —dx+4=(z—2)%

By consequence

5 72?4+ 162 — 12 —2)2(z —
i & @ 162212 @@ gy — 1
rx—2 1’274‘%4»4 r—2 (172)2 r—2

Because the functions h and A’ are continuous, the Arithmetic Rules for differentiable functions imply
that the function g is continuous. Hence, the restriction of the function g to the interval [0, 2] is continuous
and differentiable on the interval (0, 2).

Since, furthermore, g(0) = g(2), Rolle’s Theorem implies the existence of a 7 € (0,2) such that
g (1) =0= k(1) + 30" (1) = 0 = h'(7) = =3L" (7).
Since

it follows that —1 < A/(7) < 0.

Because h” > 0, the function A’ is increasing. Then the inequality 7 < 2 implies that

Since f(0) =1 and f/(0) = f(0) = 1, the linear approximation £g of f at 0 is given by
lo(z) = f(0) + f'(0)z =1+ a.
Further, f” = f' = f. So for x # 0 the remainder is
i) = T30 2 = (a2,

where 7 is between 0 and x.



11.7 Since we can write the denominator of the fraction

x
2 —5x+6

as 22 — 5z + 6 = (z — 2)(z — 3), we try to find constants A and B such that for all z # 2,3

x A B x _ Az —3) + Bz —2)
@-2@-3) 1-2 73 G-2@-3  @-2@-3
— x _ (A+B)x—-3A-2B
(z=2)(z-3) (z-2)(z-3)

<—zx=(A+B)r—3A-2B.

If we choose x = 0, then we find that —34 — 2B = 0. Hence, z = (A 4+ B)z for all = # 2,3. This leads

to A+ B =1 (as one can see by choosing x = 1). In other words: A and B are solutions of the system

A+ B=1 2A + 2B =2 A=-2 A=-2
— —
—-3A-2B=0 —-3A-2B=0 —-3A-2B=0 B =3.

Hence,

/1#&3/1( —2 + 3 )d:c*[f2ln|x72|+31n|x73|]1
o ®2—=5x+6 ~  Jo \e—2 x-3 N 0

25
=3In2+2m2-3W3 =I5 =In2.

11.14 Note that for x #0,1,—1

5 22 1 20,3 3 _ 22 1 22 1
x® + 22 + :x(x a:)—&—x( x+x+ 22+ I a::—x—l— .
x

3 —x 3 —z —x

We try to find constants A, B and C satisfying

202+ +1 A B C

x(z —1)(z+1) _;+zfl+z+1'
Hence, for all x #0,1,—1

202 +x+1=A@2®> - 1)+ Ba(x + 1)+ Cax(z — 1) <= 222+ 2+ 1= (A+ B+ C)2®> + (B - C)z — A.

So A, B and C satisfy the system

A+ B+ C=2 A=-1
B - C=1<+«=<{ B=2
—A =1 C =

Hence,

3 .5 2 3
2 1 1 2 1
/ %dx:/ (IQH__JF N )dx
9 3 —x 9 zr x—1 z+4+1

_ [%Z3+171nx+2ln($* 1)+1n($+1)};

=94+3-In3+2m24+m4-3-2+m2-In3=73+m3



wl)

11.15 Note that . .
3 Jx—1 1 1
/ i = dx = / — 1— —dux.
1 T 1 x
1

1
We use the Method of Substitution with p(z) =1 — —. Then ¢'(z) = —. So we obtain
x x



