1.10 (a) We distinguish three cases: © < 0,0 <z <3 and = > 3.

If x <0,
|z —3|=2z| <=3 -2 =2z < 2 =-3.
If0<z<3,
|l —3|=2z| <=3 —-z=2r <=2 =1.
If x> 3,

|t —3| =2|z| <=1 —-3=2z < 2z =-3.

This doesn’t generate a solution, because —3 is not larger than 3.
So the solutions are x = 1 and z = —3.

(b) Since 22 —1 >0 <= 2 < —1 or x > 1, we distinguish the cases x € (—1,1) and = & (—1,1).
Ifze(-1,1), |22 —1]=1—22 so

—2++4+4
%:_Hﬁ/ﬁ,

|22 — 1| =2r<=1-2’ =2r <=2+ 20— 1 =0<= 2 =
Since —1 — /2 ¢ (—1,1), we find the solution z = —1 + /2.
Ifxé¢(—1,1), |22 -1 =22—-1, s0

2+Vit4
——7i—:1i¢i

|22 —1|=2r+=2" - 1=2v+=2>-22-1=0<=2=
Since 1 — /2 € (—1,1), we find the solution = = 1 + /2.

1.11 We distinguish the cases z > 0 and x < 0.
If x > 0, then

|z =2 >0> —|z|

If x < 0, then

—|z|=—(—2) =2 <0<z

1.12 Let z and y be two real numbers. We distinguish two cases: * < y and = > y.

If © < y, then max{z,y} = y and

c+y+ly—2z r+y+(y—2)
2 o 2

If © >y, then max{z,y} = = and

ctytly—al _r+y—(y—2)
2 2

= X.

T+y+ly—al

So in both cases max{x,y} = 2
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If x > 0, then || =2z and —x < 0. So | — 2| = —(—z) = «.

If x <0, then |z| = —x and —x > 0. So | — 2| = —=z.

Ifx >0and y >0, then xy > 0. So |zy| =xzy =z -y = |z||y|

If x >0and y <0, then xy <0. So |zy| = —zy =z - (—y) = |z| Jy|.
If x <0and y >0, then xy < 0. So |zy| = —zy = (—x) -y = |z| Jy|.
If z <0and y <0, then zy > 0. So |zy| = 2y = (—x) - (—y) = |z |y].

Let a and b be real numbers. Then

0> + 0% = 2lal[b] = |af* + |b[* — 2|al|t = (ja] - [])" = 0.

Let z,y € IR. Then, according to the Triangle Inequality,
—_ = —_— < —_ = .
o=yl =let+ ol <lel+l=vl =T
Let z,y,z € R. Then, according to the Triangle Inequality,

lt+y+zl=lz+ (y+2)| < |z + |y + 2| < |z| + [y| + |2].

According to the Triangle Inequality, for real numbers a,b and c,

la—bl=la—c+c—bl=|la—c)+ (c—b)| <|a—c|+|c—b|

According to the Triangle Inequality (or more precisely Exercise 19 (b)),
|4aﬁ2 -2 42| < |4x2| +| -2z 4+ 2| = 427 + 2|z| + 2.
Since for —1 <z < 2, 22 < 4 and |z]| < 2,
|42% — 22+ 2| < 42 +2z| +2 < 16+ 442 = 22.

So we may choose b = 22.
Since [42? — 27 + 2| < 22 <= —22 < 422 — 22 + 2 < 22, the result can be formulated as follows. The

curve y = 422 — 2z + 2 lies between the horizontal lines y = —22 and y = 22.

Note that for 2 < x < 4,
1

422 — 22 — 2

B 1
 |4a? — 22— 2|

We will determine a number ¢ > 0 such that [4z? — 2z — 2| > . For obvious reasons, this number ¢ is
called a lower bound for the expression |[4z% — 2z — 2|.

According to the Reverse Triangle Inequality,

|42? — 22 — 2| = |[42® — 2(z + 1)] 2||4x2| — 2z +1)|| = |4302 — 2|z +1]|.
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Now for 2 < x < 4, 4x? > 16 and 3 < x+1 < 5, which implies that |z + 1| < 5. Hence, 422 — 2|z + 1| > 0.

Therefore
[42® — 22 — 2| = |42® — 2|z + 1|| = 42® — 2|z + 1| > 16 — 10 = 6.
So
1
- @ |< 1
42 2x2‘ -6

According to Theorem 2 (c),
1hr —3|<d<=pr—3|<8+= -8<Hhr—3<8«= H5<hr<ll< -1<z<i.
Since z| > 0 and |x — 1| > 0, |z| + |x — 1| > 0. So
|| +]z -1 <0=|z|+|zr—1|=0=|z|=0and [t —1|=0= 2 =0and z — 1.

Hence, the solution set of this inequality is empty.

According to the observation preceding this exercise,

lv — 3| > 22| <= (x —3)* > 42® <= 2? — 62 +9 > 4a? < 32° + 62— 9 <0
<~ 3x+3)(z—1) <0<z e (-3,1).

We distinguish three cases: * < 1,1 <z <2 and x > 2.
Ifx <1,

[t —1|+]jz—2>l<=1l-2+2—2>1<= <2< 1.

So the inequality holds for all = < 1.
If1<z<?2,

e —1|+]jz—-2|>1l<=2—-14+2—2>1<1>1.

So the inequality doesn’t hold for all 1 < x < 2.
If x> 2,

le—1|+]jz-2|>l<=a—-14+2-2>1<= 2 >4z >2.

So the inequality holds for all = > 2.

Hence, the solution set for the original inequality is (—oo, 1) U (2, 00).

1.28 For x1 # xo,

5(332) —l(x1) _ [macg + b] — [mx1 + b] _ m(x2 — 331) B

T2 —T1 T2 —T1 T2 — T1



