3.21 (a)

3.23 (a)

Observe that a sequence (tn)zoz is not bounded below if any real number [ is not a lower bound of the

1
sequence.

You can prove that a number [ is not a lower bound of the sequence by finding a(t least one) term of the

sequence, say tj, which is smaller than [.
2

Let [ € IR. We want to find an n such that ¢, <[ < <.
n
Note that, for all n € N,
1 —n? 1
n n

Since 1 —n <l if n > 1—1, we choose a k € IN satisfying kK > 1 —[. Then for this &k

1-k2 1
== —k<l-k<l-(1-0=L

Alternative
Suppose that the sequence is bounded below, say by [. Then ¢, > [ for all n € IN.

However, if we choose an n € IN satisfying n > 1 — [, then

1 —n?2 1
t, = n =——n<l-n<lI.
n n

This is a contradiction. So we may conclude that the sequence is not bounded below.
We prove that the sequence is not bounded above.

Note that, for any natural number n,

n+1 1

NG

Now let u € IR. Choose a natural number k such that & > u. Then for this k&

=vn+ > /1.

k2 +1
tre = i >Vk2=Fk>u.
Vv k2

This proves that u is not an upper bound of the given sequence. As u was arbitrarily chosen the sequence

is unbounded. So she is divergent.

For n € IN we introduce the statement P(n): a, >2-3""1

(1) First we show that the statement P(1) is true: a; =2 > 2-3°.

(2) Let k € IN and assume that P (k) is true, that is: ay > 2-3F1.
Then

app1 >3- ap>3-2-31=2.3%

This proves that P(k + 1) is true.
According to the Principle of Induction the statement P(n) is true for all n € IN.

We will prove that the sequence (ay) is not bounded (above).

oo
n=1

Let u € IR. According to Bernouilli’s Inequality, for all n,

an>2-3""'=2.3"=2(142)">2(1+2n) > 2(14+2n) =n+1>n



So if we choose a k € IN satisfying k > u, then
ar >2-31 >k > u.

Hence the sequence (an)zozl is not bounded above.

3.26 First note that for all n

ap <tp, <b, <= a, —L<t,—0<b, L.

Now we are going to use that fact that a,, — £ and b,, — £ can be made as small as we please by choosing
n sufficiently large.

Let € > 0. Then there exist N1, N € IR such that

|an — €] <e, (1)
whenever n > Ny, and

by, — €] <, (2)

whenever n > No.
According to (1), a, — £ > —¢, whereas (2) implies that b, — ¢ < ¢.

Hence, for all n > max{Ny, N2},
—e<ap—U0<t,—L<b,—{<e,

which implies that |¢, — ¢| < €. This proves that lim ¢, = ¢.

n—oo

3.27 (a) If £ =0, then |v%, — V| = Vtn.
Let € > 0. Because lim t,, =0, there exists an NV € IR such that
n—oo
|t, — 0] < €2,
——
=t,

whenever n > N. Then, for all n > N,
VEr— 0| = Vi < VT =,

This proves that lim /%, =0 = /.
n—oo
(b) If £ > 0, then (apply the root method)

(\/ﬂ—\/Z)(\/ﬂ+\/Z)}_ o=t _ fta—t] _ 1 4],

Vi Vi =|

(VEn + V) VR AVET VI VI
Let € > 0. Because lim ¢, = ¢, there exists an IV € IR such that
n—oo
Itn — €] < V2,
whenever n > N. Then, for all n > N,
1 1
tn — VI = —=|t, — | < —=-eVi=c.
[Vtn = VI \/Zl | /i

This proves that lim /%, = V/Z.
n—oo



3.28 According to the arithmetic rules for limits of sequences, t2 — (2 as n — oco.
Then, in view of Exercise 27, /12 — V2 as n — co. This means that |t,| — [¢] as n — .
Alternative proof by using the definition.
Let € > 0. Because nler;O tn, = ¢, there exists an N € IR such that |t, — ¢| < e for all n > N.

Then, according to the Reverse Triangle Inequality, for all n > N,
’|tn| — |€|’ <t — | <e.
This proves that lim |t,| = |£].
n—oo

1
3.29 (c) We will prove that lim L \—;_ =0

n—oo NA/MN

Let € > 0. Note that, for all n € IN,

T SRS SO )
Vioony/n Ty yn n’

n+1

ny/n

2 4 4
Since —— <e<—=n> oL we choose N = =k Then, for all n > N,

NG

n+1

ny/n

1 1 2
= 4+ < = <.
o tam S m St

1
This proves that lim nt = 0.

n—oo NA/MN

3.37 We will prove that the sequence (ln xn)zo:l is unbounded. So let u > 0.
As

u

Inz, < —u<=x, <e Y

we choose e = e™%. As lim z, =0, an N exists such that
n—oo

|:En| <e=e"

whenever n > N. Then for n > N,

u u

|2n] <e™" <= —eT" < x, <e "

Hence, forn > N, Inz, < —u.

As the sequence (1n :zrn)oo

n— 1s unbounded, ist is divergent.

3.38 Observe that for all n,

2n?

n2+m

So if

1
[1 — —] > 1.99, then the value of Babs’ investment is at least 1.99« Euro.
n



Now

2% n—1

n2+m1 n

2
2n [ >1.99

1
1——} > 1.99 «—
nZ4+7

n
< 2n(n —1) > 1.99(n? + )
< 2n% — 2n — 1.99n% — 1.997 > 0

<= 0.01n? — 2n — 1.997 > 0

<= n? —200n — 1997 > 0

200 + /2002 — 4 x —1997
n > 5

So after 204 months her investment almost doubled.

=100 + /10000 + 1997 ~ 203.08.



