12.11 First we will prove that W C (WJ-)J'.
Let we W. Thenw Luvforallv e W+. Sow € (WL)L. Since w was arbitrarily chosen, this means
that W c (W)™,
Next we will show that (W+)" c .
Let u € (Wl)L. Then, according to the Projection Theorem,

u=1u+u",

where v/ € W and u” € W+. By consequence

1 ! 1
O=vu-v =u -u +u  -u=u"-u'.

Hence u” = 0, which implies that

}_

12.12 The orthogonal projection of the vector

1
u= |2
3
on W is
-2 -2
. u-w u-w
pro‘]W(g):**12@1+**22w2:%w1+%w2=1% 5 +3 1 :% 10
[y || [, ||
-1 1 1
The component of u which is orthogonal to W is given by
1 —2
u—projyy(w)= |2 -+ 10| =%
3 1 14
12.14 Observe that the vectors w; and w, are orthogonal. Since
12
. €1 w €1 "Wy _
projy (e;) = T ||;w1 + T 2 = 2w, + Fwy = w — pwy, =7 | 0],
Wy Wy _6
0
. €y W €9 - W.
projyy (e2) = ||2w ”;21 + ||2w ”§w2 = 3%@1 + %wz = %Ql + %wz = % 6
Wy Wy 0
—12
. €3 - Wy €3 " Wy _
and projyy (es3) = w szl + o szz = W) + Wy = —35W; + Wy = 35 0],
Wy Wy
6

the standard matrix of the orthogonal projection projy, is given by

24 0 -—12
A= 0 30 0



1215 (a) f A=[w; wy -+ w,,], then

T T

wy wiu Wy -u
T T

Wiy, WU Wy - U

So
AATw = (w - uw) wy + - + (w,, - w) w, = projy (w).

(b) Note that
(AATY" = (AT)T AT = AAT.

(c) Note that the entry at the position (i, ) of the matrix AT A is
1 ifi=j
w; w; = p .
- 0 ifi#j.
Hence ATA =1, so that

(AAT)? = AAT - AAT = A-ATA- AT = A-1- AT = AAT.



