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2.5

The equations in (a), (¢) and (f) are linear.

Substitution of the given numbers for the variables in the third equation of the system leads to
5 = —7. So the third equation is not satisfied. Hence the given sequence of numbers is not a solution

of the system.

The first equation leads to x = y + 3. If we replace in the second equation x by y + 3, then we find
that
2(y+3) -2y =k <k =6.

So the system has no solutions if k # 6.
There is no k such that the system has a unique solution.

The system has an infinite number of solutions if £ = 6. Each solution is of the form
r=3+t
y =1t,

where t € IR.

An example of a system is
{7a:+2y+ z—3u=25

T + 2y + 4z =1

The standard form of the system is
211 + 223 = 1
3r1 + x9 + 4dxg = —7
6y + 22 — x3 = O.

Hence the augmented coefficient matrix is

2 0 2 1
3 1 4 -7
6 1 -1 0

The matrix has the reduced row-echelon form.

Because property (3) is not satisfied, the matrix has no (reduced) row-echelon form.
The matrix has the reduced row-echelon form.

The matrix has the row-echelon form.

Because property (4) is not satisfied, the matrix has no (reduced) row-echelon form.

The matrix has the reduced row-echelon form.



2.7 (a) The leading variables are 1,22 and x3. The variable x4 is a free variable and the reduced form of

the system is

xr1 = Tx4 + 8
To = —3x4 + 2
$3=—I4—5.

Each solution of the system can be written as
1 =Tt+8 x9=-3t+2 x3=—-t—-5 x4=1t,

where ¢ is a real number.
(b) The leading variables are z1 and x3. The variable xo is a free variable. In view of the third row of
the matrix which corresponds to the equation 0 = 1, the system has no solutions. It doesn’t make

sense to write down the reduced form of the system.

2.8 (a) Reduction of the augmented coefficient matrix leads to

2 -3 -2 (17 =2 1] [17 -2 -1
2 1 1| — 1 1] — 4 3
32 1 13 2 1] | 8y
[1+ =2 1] [1* 0 %

-0 1 3| 1 3

[0 % 4] [0 0 -5

In view of the last row of the reduced matrix the system is inconsistent.

(¢) Reduction of the augmented coefficient matrix leads to

5 -2 6 0}%[2 1 -3 1]%{1* -1 3 %}%[1* 71% %3 %
-2 1 -3 1 5 -2 6 0 5 -2 6 0 o L -3 32
0

SR F R
0o 1 -3 5 0 ™ -3 5

The basic variables are 1 and x3. The free variable is 3. The reduced form of the system is
xr1 = 3
Ty =5+ 3s,

where s € IR.

Each solution of the system can be written as
r1 =3 x2=5+3s x3=s,

where s is a real number.



(d) Reduction of the augmented coefficient matrix leads to

0o 0o 1 2 -1 4 (2 4 1 7 0 7
00 0 1 -1 3| peor |00 0 1 -1 3
—

o o 1 3 =2 7 o o 1 3 =2 7
2 4 1 7 0o 7 L0 0 1 2 -1 4

RER N
7“1/2 0 0 O 1 -1 3
4

0 o 1 3 -2 7

L0 0 1 2 -1 4

R
7“237“4 0 0 1* 2 -1 4

0 0 1 3 -2 7

L0 0 O 1 -1 3

ok 5 1 3
=i [2 0 5 5 3
T3 — To 0 o 1* 2 -1 4
—

0 O 1 -1 3

L 0 1 -1 3
7"17%7”3 s
ro — 23 1 2 0 0 3 —6
r4 — T3 0 0 1* 0 1 -2
—

0 O 1" -1
L 0 O 0 0

Hence the basic variables are u,w and x, while v and y are the free variables.

The reduced form of the system is
u=-—-25s—3t—6

w=—t—2
r=1t+3,
where s,t € IR.

Each solution of the system can be written as
u=-2s—3t—6 v=s5 w=—-t—2 xz=1t+3 y=t,

where s and ¢ are real numbers.

2.9 (a) Reduction of the coefficient matrix leads to

2 -1 -3 1 47 T2tTorpx g 4
Y L L
1 1 4 2 -1 -3 0 -3 —11
1673
1 4] T2 o0 i 7’1*%—17’3 * 0 0
r2/3 L rs 372 R O R * 0
3 —11 0 0 -10 0 0 1*

The unique solution of the system is x =0,y =0,z = 0.



(b) Reduction of the coefficient matrix leads to

0 1 3 =2
2 1 -4 3| 1o
—
2 3 2 -1
-4 -3 5 —4
7“3—27“2
T4+ 7o
—
1
5T
23

T2 1 -4 3
0 1 3 -2
2 3 2 -1

|4 -3 5 —4

2 1 -4 37
0 1 3 -2
0 0 0 0

o 0 o0 o]
10 - 3]
0 1 3 -2
00 0 O
00 0 0]

r3—T1
r4 — 21
—

L —T2
—

The basic variables are v and v. The free variables are w and z.

The reduced form of the system is

where s,t € IR.

uz%s—gt
v =—3s+2t,

Each solution of the system can be written as

where s and ¢ are real numbers.

v=—-354+2t w=s

r =1,

2.10 (a) The three lines do not coincide and they pass through the origin.

(b) The three lines coincide.

2.11 (a) Since ad — bc # 0, we may conclude that a # 0 or ¢ # 0; say a # 0.

Then reduction of the matrix leads to

T1
b - *
c d c
ad — be
7’2/ 1*
—¢
0

b

a‘| 7“2—_?7“1
d

é T — 97”2
. ] 4
1*

If ¢ # 0, then reduction leads to a similar result.

(b) According to part (a) reduction of the matrix

leads to a matrix of the form

[abk]
c d 1

O O O N O O O N

SIS

ad — be




This proves that the given system has a unique solution.

2.13 (a) If = s1,y = t1 and © = s9,y = t3 are solutions of (1), then

{a51+bt1=k {a52+bt2:k
and
cs1 +dtp =1 cso + dta = 1.

Then however
a(sy — s2) + b(t; —t2) = asy — asa + bty — bto = asy + bt1 — (asa +bta) =k —k=0.

Similarly,
0(51752)+d(t17t2) =...=1—-1=0.

Hence, (x = s1 — s2,y = t1 — t2) is a solution of (2).

2.14 A reduced n x n matrix containing no zero row has the form

0 --- 0
0 1 0
0 0 1

2.15 (a) Reduction of the augmented coefficient matrix leads to

1 0 1 2 1 0 1 2 1 0 1 2
31 2 p|l—=1]0 1 -1 p—-6[—=1]0 1 -1 p—=6
0 ¢ 8 8 0 g 8 8 0 0 84¢ 8—pg+6g
It is possible that the system is inconsistent only if ¢ = —8. If we substitute this value of ¢ in the

foregoing matrix, we get
0 1 2

0 1 -1 p-—6
0 0 0 8p—40

Hence the system is inconsistent if ¢ = —8 and p # 5.

(b) If ¢ # —8 the system has a unique solution for all values of p.



