3.6 If v is a multiple of u, then v = t u for some t € IR.
In that situation span{u,v} = span{u}, which implies that the span of u and v is the line through
the origin and the point (u1, ug, u3).
Obviously, span{u} C span{u,v}. To prove the reverse inclusion, assume that w € span{u,v}. Then

numbers ¢ and d exist such that
w=cu+dv=cu+dtu) = (c+dt)u.

So w is a multiple of u, that is: w € span{u}. By consequence, span{u,v} C span{u}.

3.8 (a) By choosing ¢; = -+ = ¢, = 0 it follows that

O0=ciuy + - +emnu, €spanfuy,...,u,,} = V.

So the set V' is nonempty.

(b) If v € V, there exist numbers c1, ..., ¢y, such that
V=CUp e Uy,
Similarly, numbers dy, ..., d,, exist such that
w=diuy+- -+ dp Uy,

Then, according to Theorem 1,

vtw=(cruy + - +emuy,)+ (diu +- +dnu,)

=(a+d)u + -+ (em+dn)u, €span{uy,...,u,,}.

(c) As v €V, there exist numbers dy, ..., d,, such that

Then, according to Theorem 1,

co=c(diy + - +dnuy,) = (cd)u + -+ (cdm) u,, €span{u,, ..., u,}.

3.9 Note that

lut vl = |llull = ol| <= —lu+ vl < ull = vl < e+l

Now (use the Triangle Inequality)

loll=lletu—ull <[lo+u|l+] —ull=llutol + ||
implies that [|u| — ||v]| = —|u+ v||. Further, (again use the Triangle Inequalit
implies that [|u| —|lu[| > —[lw+v||. Further, (agai he Triangle Inequality)

lull=llutv—v| <lutuvl+] —zvl=lut+o|+]zl

implies that [[ull — [[v] < [Ju+uv].



3.13 With the help of the Triangle Inequality we find that for any vector w

lu—v|=lz-—wt+w-v| <|lu—-w|+||w-uv].

3.14 Note that
lu—vll = lut+ol <= llu—u|®=u+uzl?
= flul®—2(uw-v) + o)® = [|ul® + 2(w-v) + v

3.17 (a) Obviously,

u -

<

(v-v)=u-v—u-v=0.

=)

(u—0) v=u-v—U-v=u-V—

[

(b) The vector u is the orthogonal projection of the vector u on the vector v.

|v

3.18 For orthonormal vectors u and v,
lu =2l =(u-2) (w—2) = ful® -2 v + o’ =1-0+1=2.
So flu—uv| =v2.
3.19 If the vectors u and v are orthogonal, then
u-v=0= -1+qg+2p=0.

Furthermore, w is a linear combination of u and v. So for some numbers a and b, w = au + bv.

Hence,
a—b=2 :1_b
b+24+bg=3 q b
a+bg=3 = —
b+2)p+2b=1 _1-2
ap+2b=1 p o

In combination with the first equation, this leads to

1—b  2—4b
Sl Gy = 0= b0+ 2) + (1= D)(b+2) + (2 - 4D)p =0

= b -2+ b+2-12—24+20—4® =0= —6b>—b+2=0

1+V1+14
— =T

2 o1
-3 Orb—z.

Note that the cases b =0 and b = —2 do not lead to a solution.

[J[S3

Isz—%,thenpz%andqz—
Ifb:%,thenp:Oandq:l.



