5.6 The mapping can be presented in the following way:

O s

(a) By means of the foregoing figure one finds that

x -z
r(LG)=11
Y )
(b) Let u,v € R? and ¢ € R. Then

rwrn =1 ([T = = ] — s,

Uz + V2 Uz + U2 Uz Vg

rew=1([2) - [ ][] -0

According to the definition T is a linear mapping.

and

5.8 We consider the mapping T:IR"™ — IR"™ defined by
T(z) = Az +0,

where A is an m x n matrix and b € IR™.
We will prove that T is linear if and only if b = 0.

(a) Assume that T is linear. Then on the one hand
TO-u)=0-T(u) =0

and on the other hand
T(0-u) = AO+b=b.

Sob=0.
(b) Assume that b = 0. Then T is the left multiplication by a matrix. So T is linear.
5.9 (a) As observed in Chapter 3, a vector € IR™ can be written as a linear combination of the unit vectors:
T=21€ +Taey+ -+ Tpe,.

Since the mapping T is linear, the observation preceding this exercise implies that for all z € R"™

T(z)=T(rv1e; +x2ey+ - +ane,) =211 (e;) + 22T (eg) + - + 2,1 (e,,)

:$1§1+$2§2++xngn:£

So T is the identical mapping.



(b)

5.12 (a)

5.13 (a)

The mapping T is the left-multiplication by the matrix

We give a prove based on the definition (of a linear map).

Let u,v € R"™ and ¢ € IR. Then

(T1 + ) (u+v)=Ti(u+v)+To(u+wv) (according to the definition of T} +T2)
=T (g) + 71 (y) + 15 (g) + 15 (y) (because T and T are linear)
=Ti(u) + Ta(u) + T1(v) + T2(v)

= (11 + T)(u) + (11 + T2) (v),

and
(T1 + T2)(cu) = Ti(cu) + Ta(cu) = cTi(u) + cTo(u) = c[T1(u) + Ta(uw)] = ¢ (T1 + T2)(w).

Next we will give a proof by using the standard matrix.
Let A; be the standard matrix corresponding to 77 and let A be the standard matrix corresponding
to To. Then Ti(u) = Aju and Th(u) = Asu for all uw € IR™. This however means that for every
u € R™

(T +T2)(w) = T1(u) + To(u) = Aju+ Asu = (A; + Az)u.

This proves that the mapping T7 + T3 is the left multiplication by the matrix A; + As. Hence the
mapping T; + T5 is linear.
For a vector v € Ker(71) N Ker(T») it holds that T1(v) = T2(v) = 0. By consequence,

(T +T2)(v) =Ti(v) + To(v) =0+ 0=0,

in other words: v € Ker(T7 + T»).
Consider the mappings T7:IR? — IR? and T»:IR? — IR? defined by
10 -1 0
Ti(z) = {0 1]@ and Tr(z) = [ 0 _Jg (z € R?).
Then Ker(Ty) = Ker(Ty) = {0}. However, for every z € IR? it holds that

0 0

a&+7®£=[0 0

}z=&

which implies that Ker(T; + T») = IR%.

Let u,v € IR2. Then

U v
1 1 P
T(u) =T(v) < Ug = Vo — - — v = u=w.
2 = U2
Uy + Uz V1 + U2

Hence, the mapping T is one-to-one.



(b)

5.15 (a)

Since

the mapping T is not one-to-one.

Let z,y € IR. Then
(D=1 ol
T = .
Yy L 0] Ly
Hence, the mapping T is the left-multiplication by the matrix
1 0
A= [ } .
1 0

So the mapping T is linear.

Im(T) = Col(A) :span{m , [8”251)%{[”}.

This set corresponds with the line y = x in the x, y-plane.

Note that Ker(7T') = Null(A). Since

Note that

Az =0<= 1z, =0 <= z = ce, for some c € R,

Ker(T) = Null(A) = {cey| ¢ € R} = span{e,}.

This set corresponds with the line x = 0 in the x, y-plane.



