6.5 According to Theorem 4 (d),

(Au) - (Bv) = (Aw)"Bv = u" A" By = u - (A" Bv).

6.8 (a) On the one hand it holds that (AB)? = ABAB, while on the other hand A2B? = AABB. Because,
in general, BA # AB, we try to find a counterexample.

11 10
IfAz[ ]andB:[ ],then
0 0 10

AB = [(2) g] and  (AB)? = [4 O},

while

11 1 0 2 0
A2=[0 O},B%[ ] and A232:[ }

(b) Note that

(A+B)*=(A+B)(A+B)=A(A+ B) + B(A+ B) = A>+ AB + BA + B

So (A+ B)? = A2 +2AB + B? if and only if AB + BA = 2AB <= BA = AB.
Hence, by using the same matrices as in the foregoing part one can show that the statement is not

true.

6.9 (a) Note that

(11 = G12 = G21 = (22 = (23 = 432 = 433 = A34 = G43 = —1
and (13 = G31 = Q14 = Q41 = Q24 = Q42 = 1.
So
-1 -1 1 1 4 2 -2 —4
-1 -1 -1 1 2 4 0 -2
A= and A% =
1 -1 -1 -1 -2 4 2
1 1 -1 -1 -4 -2 2

(b) Obviously, tr(A) = —4.

6.10 For n x n matrices C' and D it holds that

n n n n n n

tr(CD) =Y (CD)i = Y (D cijdji) = Z Z cigdsi = Y (Y djiciz) = Y _(DC);5 = tx(DC).

i=1 i=1 j=1 j=1 i=1 j=1



6.12 (a)

6.13 (a)

As
s [A4 01" 14T O
M == =
O B O BT|’
the matrix M is symmetric if and only if A = AT and B = BT, that is: if and only if the matrices A
and B are symmetric.
We compare the entries at the position (¢, 7) of both matrices.

Case 1: t=1,2and j =1,2.
The entry at the position (¢, j) of the matrix

=[5 9115 2]

O B]|lO D

equals

Mi1N1j + - -+ Miangj = (A)il (O)lj + (A)Z.2 (C)2j +0-04+0-0= (AC)

ij°

This is the entry at the position (¢, ) of the matrix

[AC (0] }
O BD|
Case 2: 1 =1,2 and j = 3,4.
The entry at the position (¢, j) of the matrix
A O1[C O
MN =
O B]|O D
equals
MmN + -+ + Migngj = (A)Z.l -0+ (A)Z.2 -04+0- (D)l,j—2 +0- (D)ZJ—? =0.

This is the entry at the position (7, ) of the matrix
AC O
O BD|

The other cases are similar.

First note that the matrices AAT and A + AT are well-defined.

Further, according to Theorem 4,
(AAT)T part:(d) (AT)TAT part:(a) AAT

and

(A+ AT)T ) g7 (qTyT PLR) 4T 44y aT

If the matrix A is symmetric, then
(AT = (AA)T = ATAT = AA = A%

This means that the matrix A2 is symmetric.



