8.1 Since det A = (a — 3)(a —2) — 20 = a® — 5a — 14 = (a — 7)(a + 2), the determinant of the matrix A

is equal to zero ifa = —-2ora=71.

8.2 Expansion along the first row leads to

(a)Ldet[llf 2}_1—0-1@_1.
(b) k-det[(l) ﬂ =k
o tan]l )

8.3 (a) Expansion along the second column leads to

B ﬂ—l-det[é _ﬂ:2(24—3)+7(4+9)—(—1—18)

~(-2)-det | [ 7ot |

=42 +91+19 = 152.

(b) Expansion along the third row leads to

(-3) dt[_2 3} 1dt{1 3}+4 dt{l _2] 3(2—21) — (=1 —18) + 4(7 + 12)
— - de — - ae - ae — — — — (=1 —
7 -1 6 —1 67
=57+ 19+ 76 = 152,

(c¢) Expansion along the third column leads to

2T e

7

3-det[ _ﬂ—l—él-det[é }:3(6+21)+(1—6)+4(7+12)

=81—-5+176=152.

8.4 By expanding along the first row each time we obtain

-1 0 0 3 0
4 - det 6 3 0 _él-—l-det{4 3}—4~—1~—9_36.
-8 4 -3

8.5 We introduce for n € IN the statement P(n): for an n x n matrix A having the triangular form
det A = a11a92 - Qpp,.-
(1) First we show that the statement P(1) is true: if A = [aq1], then det A = a4;.
(2) Let k € IN and suppose that the statement P(k) is true; so if an k x k& matrix A has the triangular
form, then det A = aj1a99 - - - agk.
Let A’ be an (k+ 1) x (k + 1) matrix having the triangular form.
By expanding along the first column (row) if A has an upper triangular form (lower triangular

form), we obtain

/ / li li / / li / / li
det A" = ay; - det Ay = ajy - [ageahs -« a(k+1)(k+1)] = Q11 Qo2 Qg4 1) (k+1)-

This proves that the statement P(k + 1) is true.

According to the Principle of Induction, the statement P(n) is true for every n € IN.



8.6 (a) Matrix A’ is obtained from matrix A by interchanging the two rows. So A’ = E; A, where

i o)
E = .
1 0

Furthermore, det A = ad — bc and det A’ = bc — ad = — det A.
(b) Matrix A’ is obtained from matrix A by adding the k-multiple of the first row to the second one. So

A’ = FE> A, where
[ , ]
2 Eo1]

Furthermore, det A = 18 — 20 = —2 and det A’ = 18 + 12k — (20 + 12k) = —2 = det A.
(c¢) Matrix A’ is obtained from matrix A by multiplying row 1 by k. So A’ = E3A, where

E 0 0
Es=10 1 0
0 0 1

Furthermore, det A = 1det A;; — 1det A1o + 1det Aj3 = —5 and det A’ = kdet Ay; — kdet Ajs +
k det A13 = kdet A = —5k.

8.8 (a) Reduction leads to

0 3 1 11 2 11 2 11 2
det |1 1 2|=-det|0 3 1|=—det|0 3 1|=-3-det|0 1 1
3 2 4 3 2 4 0 -1 -2 0 -1 -2
1 1 2
=-3-det [0 1 3 |=-3--2=5
5
0 0 —3
(b) Reduction leads to
2 1 3 1 (1 0 1 1 (1 0 1 17
1 0 1 1 2 1 3 1 0 1 1 -1
det = —det = —det
0 2 1 O 0 2 1 0 0 2 1 0
0 1 2 3 10 1 2 3 L0 1 2 3]
(1 0 1 1 (1 0 1 17
01 1 -1 0 1 1 -1
= —det = det = 6.
0 0 -1 2 0 0 1 -2
10 0 1 4 L0 0 0 6]
8.11 (a) Since
1 0 -1 1 0 -1 1 0 -1
det |9 -1 4| =det|0 -1 13| =—-det|0 1 -—13
8 9 -1 o 9 7 0 9 7
1 0 -1
=—det [0 1 —-13| =-124#0,
0 0 124

the given matrix is invertible.



(b) By expanding along the second column of the matrix, it appears that the determinant of the matrix

is equal to zero. Hence the given matrix is not invertible.

8.12 (a) Note that

5+125 -8

detA=0<=da’>-5a+6—-4=0<=a>-5a+2=0<a= 5

23 £ V1T
So the matrix A is not invertible if a = 21 + $V/17.

8.13 Obviously,

+ b+
detA_det[a c df}_(a—|—e)d—c(b—|—f)—ad—bc+ed—cf
c
a b e f
= det + det = det B + det C.
c d c d
8.15 Note that
ar+b1 a1 —by ¢ [a1 +b1 az+by az+bs]
det az + b2 ag — b2 Co = det alp — bl as — b2 az — bg
as +b3 az — b3 C3 C1 C2 C3

_al—l—bl CL2—|—b2 CL3—|—b3_
= det 2a1 2ao 2as3

C1 C2 €3

_a1+b1 as +by az+ bs

= 2det ai az as
L C1 (6] C3
[y by b3

= 2det aq as as

¢t C2 (3

al ag as a1 bl C1
= —2det bl b2 b3 = —2det a9 b2 Co
cl Co C3 as bs C3

8.16 One easily finds that
(a) det AB=—-1-2=-2.
b) det B® = 2° = 32.
c) det24 =2%. (-1) = —16.
d) det ATA=(-1)-(~1)=1.

(
(
(
(e) det B'AB=13--1.-2=-1.



8.18 First we evaluate the determinant of the coefficient matrix of the system:

1 -3 1
-1 1 -3
det |2 -1 0 _1-det[ O]+(—3)-det{2 1}4—15_—11
4 0 -3

Because the determinant is not equal to zero, the system of equations has a unique solution, say s.

According to Cramer’s rule

4 -3
det | =2 -1 0
B L 0 0 =3] -3-(=10) 4
= —11 - oo T
_ A -
det |2 =2 0
o 4 0 3] 1-84(=3)-(=10) _ 4
—11 —11 11
[1 -3 4]
det |2 -1 -2
4 0 0 4-10
and S§3 = = 11 = = 11 :—%.

8.20 Note that (expand along the first row)

det A= (28 +1) — (—2)(24 — 3) + 3(6 + 21) = 29+ 2- 21 + 3 - 27 = 152.

According to Theorem 9, the entry at the position (1,2) is

142 det A21 —-8—-3 11

(=1) detA ~ 152 152"



